Abstruct-A rate-equation model is developed, with the consideration of size effects, to analyze the steady state and dynamic behavior of index-guided vertical-cavity surface-emitting lasers. The size dependence of spatial hole burning, cavity loss, as well as thermal resistance of device cavity are taken into account. Using this model, the inflnence of size effects on the amplitude modulation response and second-order harmonic distortion are studied. It is found that a laser with a small core radius exhibits better modulation response and less harmonic distortion than that of a large waveguide device, however, there is a tradeoff between the output power and modulation efficiency of the lasers.
I. INTRODUCTION ERTICAL-CAVITY surface-emitting lasers (VCSEL's)
V are promising for the applications in high-speed optical fiber communication systems due to its capability for single longitudinal mode operation, low threshold current, and narrow output beam profile. Furthermore, high relaxation oscillation frequency (ROF) is expected for VCSEL's due to its small cavity dimension. However, the modulation response of VCSEL's is limited by the combination of heat generation inside the high-resistance Bragg reflectors and parasitic capacitance due to interconnects on conducting substrates. In addition, differences in device structure also affected their high-speed modulation performance [ 1, 2] .
The steady-state properties of VCSEL's have been analyzed extensively and most of the works are concentrated on the improvement of quantum efficiency as well as reduction of threshold current. Models including temperature effects, carrier spatial hole burning, as well as surface scattering and diffraction losses have been developed to predict the performance of lasers with different dimensions and structures [3] , [4] . However, the relatively important behavior of VCSEL' s, the dynamic response under direct modulation, has not been considered in their investigation. In this paper, we analyze the small-signal response of index-guided VCSEL' s with size dependent of spatial hole burning, cavity loss, as well as thermal resistance of laser cavity taken into account. The spatial hole burning effects are approximated by a perturbation approach and E. Herbert Li, Senior Member [6] . The size dependence of thermal resistance and cavity loss can be determined by matching with the experimental data (i.e., threshold current and external quantum efficiency). Using this model, the modulation responses of VCSEL's under the influence of size effects as well as other inherent nonlinearities are studied. In Section 11, a rate-equation model of VCSEL's is developed with the consideration of self-heating, spatial hole burning, and carrier transport. In Section 111, this model is applied to study the steady state and dynamic behavior of VCSEL's. We can also verify that the fitted parameters give a consistent explanation for the size dependence of threshold current. In addition, the amplitude modulation (AM) response and second-order harmonic distortion (SHD) of VCSEL's are also analyzed. Discussions on the dynamic performance of VCSEL's are given id Section VI.
LASER MODEL

A. General Rate Equations of VCSEL's
A simple rate-equation model with the inclusion of inherent nonlinearities such as self-heating, spatial hole burning, and carrier transport to calculate the influence of device dimension on the modulation response of VCSEL's are given as (4) where S is the photon density, N is the carrier concentration inside the active layer, M is the carrier concentration confined inside the spacer layers, and T is the effective temperature of laser cavity. In the photon rate equation, vy is the group velocity, rB is the longitudinal optical confinement factor, at is the equivalent modal loss, /3 is the spontaneous emission factor, and B,, is the bimolecular carrier recombination coefficient.
In the carrier rate equations, rc is the carrier lifetime and D is the ambipolar diffusion coefficient. The influence of carrier transport is described by 7-12, the carrier transport time in the 0018-9197/96$05.00 0 1996 IEEE spacer layers, and rzl , the thermionic capturelemission time.
The total thickness of the active layer is the multiplication of quantum well thickness, L,, with the number of quantum wells, N,. J and e given in (3) are the injection current density and electron charge, respectively. In the thermal rate equation, pm is the mass density, C, is the heat capacity, and n is the thermal diffusion coefficient of semiconductor material. H,, is defined as the average thermal power density generated inside the laser cavity.
The optical field distribution, Qf, is assumed cylindrically symmetric and satisfies the unperturbed wave equation
r dr where k, = (27r/A,) is the wavevector, E, is the background dielectric constant, and ,l 3 is the propagation constant to be determined. For quantum well material, the optical gain, g, given in (2) can be written as [71
where a~ is a fitted parameter and Nt is the carrier concentra- (8) where h is the Planck's constant, l r e~l is the effective reflectivity of the Bragg reflector and U is the operation frequency of the laser.
B. Approximation on the Spatial Hole Burning and Divergence of Thermal Flux
In (1)- (3), M and N are nonuniformly distributed along the lateral direction, r . However, it is noted that for our previous analysis of VCSEL's [SI, the lateral distribution of carrier concentration along the spacer layers is quite uniform. Furthermore, the spatial hole burning inside the active layer is less than 10% of its peak magnitude. Therefore, it is reasonable to assume M is uniform along the lateral direction and the nonuniform distribution of N is approximated by a perturbation approach [5] (9) where N, is the average carrier concentration along the lateral direction and N, is the perturbation of carrier concentration arisen from Q f ( r ) (see Fig. 1 ). J,(ar) is the Bessel function of first kind of order 0 and the constant a satisfies J l ( u w ) = 0. In (9) , only the fundamental lateral mode is considered in the analysis. We have assumed that the carrier concentration is Distribution of carrier concentration and optical field intensity inside well confined inside the core region. For N , is smaller than N p , the optical gain can also be written as
Substituting (9) and (10) into (1)-(3) and integrating along the lateral direction, we get
where
The size effects related to converting the carriers into photon have been considered in (12) The temperature dependence of threshold current density J t h (300 O K ) is described by the Arrhenius-type relation [9] Jth(T) = eLzNwNth/rc where Nth is the threshold carrier concentration at 300 OK. Furthermore, using the technique in [6] of replacing the divergence of heat flux with an equivalent thermal resistor R t h (cm-l) representing both the active layer and Bragg reflectors, we can rewrite (4) In (11) and (16), we have not specified the size dependence of at and Rth. It is expected that the reduction of w causes the increase of Rth. In addition, due to the increase of surface scattering and diffraction losses, at is also increased with the reduction of w. These phenomena of VCSEL's can be [12] , however, this is not the scope of this paper. An alternative approach used in this paper is to fit these parameters with the experimental data given (i.e., the threshold current and the external quantum efficiency obtained from the lighthrrent curves). This approach gives a satisfactory explanation of the physical phenomena of VCSEL's provided that at and Rth demonstrate an inverse relation with the device size (i.e., the reduction of w causes the increase of at and Rth); otherwise this model fails to produce self-consistent results.
NUMERICAL RESULTS
The schematic of an index-guided VCSEL used in our analysis is shown in Fig. 2 . The device structure is similar to that given in [2] and [3] except the p-and n-type distributed Bragg reflectors have equal core diameter in order to simplify our calculation. The waveguide (core) region is surrounded by air and its effective refractive index is equal to 3.30. The background temperature is set to 300 O K . In addition, the injection current is assumed uniformly distributed along the lateral direction. Furthermore, only the fundamental lateral mode is considered in our analysis as we have assumed in the derivation of (1 1)-( 16). The steady-state characteristics of VCSEL's can be calculated by using the Newton Raphson method. In addition, using (11)-(16), the AM and SHD of VCSEL's can also be determined by the small-signal analysis, and the derivation procedures are similar to those in [13] . The laser and size-dependent (i.e., rr, &., rl, (I, r2, &, XI and X Z ) parameters used in the model are shown in Tables I and 11 . Fig. 3(a) shows the measured lighdcurrent curves (dotted lines) of VCSEL's obtained from [2] . It is shown that the output power is saturated at high injection current and the peak power is reduced with the core radius. There are several effects responsible for the reduction of output power as the core radius is reduced. They are: 1) the thermal resistance of VCSEL's which is inversely proportional to the core radius (i.e., small devices suffer high thermal dissipation); 2) the size dependence of cavity loss due to the surface scattering and diffraction losses; and 3) the increase in threshold current density with the junction temperature. In fact, these phenomena have been introduced into the rate-equation model through: 1) the thermal resistance R t h defined in (16); 2) the equivalent model loss defined in (1); and 3) the threshold current density which is approximated by the Arrhenius-type relation [see (1 5) ]. Using the measured lighdcurrent curves given in Fig. 3(a) , the parameters at and R t h can be evaluated, and their magnitude are shown in Table 111 . The corresponding calculated lighdcurrent curves (solid lines) are also shown in the figure for comparison.
A. Znjuence of Waveguide Dimension on the Static and Dynamic Behavior of VCSEL's
In the calculation, it is assumed that D = 5 s-' cm2,q2 = 10 ps, and K = 0.45 Wcm-'C-'.
In Table 111 , both at and R t h exhibit an inverse relation with w which indicated that the rate-equation model gives a satisfactory explanation on the physical phenomena of VCSEL's.
Furthermore, the variation of threshold current I t h with the device size can also be explained by the following equations:
where J t h is the threshold current density, N t h is the threshold carrier concentration, and G t h is the threshold gain. Obviously, the increase in device size implies the decrease in N t h and J t h . For an air-post VCSEL, I t h is equal to A J t h where A (= TW') is the junction area. Therefore, the decrease of J t h does not imply the decrease of I t h , as the reduction of J t h is compensated by the increase of A such that I t h can be maintained nearly constant for some range of device radius, w (i.e., 2.5 to 5 pm). However, I t h increases for w > 5 pm because the rate of change of at is less than that of A.
This phenomenon of VCSEL's has been observed from the experimental data and can be explained by our simple model, Therefore the relation between threshold current and device size can also be predicted by the model Fig. 3(b) compares the calculated and measured ROF [2] of VCSEL's. It must be noted that the ROF is calculated without optimizing the fitted parameters at and R t h [i.e., at and R t h are only evaluated from the lighdcurrent curves given in Fig. 3(a) ]. In general, the measured results show that small devices exhibit high modulation efficiency as well as saturation level of RQF (i.e., peak ROF). However, the modulation efficiency of the smallest laser (w = 2.5 pm) is not the highest (device of w = 3.5 has the highest modulation efficiency). This is attributed to the high optical loss of small VCSEL's that drives the threshold gain toward the saturation levels of quantum wells which reduces the differential gain and hence the modulation efficiency 121. This phenomenon has not been taken into account in the model, however, for devices with w 2 3.5 pm, the agreement between the theoretical prediction and measured results [as shown in Fig. 3(b) the gain saturation effects due to the high optical loss have less influence on large area devices (w 2 3.5 pm) and is ignored in the following calculation. The AM response of a 3.5-pm radius VCSEL for various bias currents is also given in Fig. 4 . is a constant and q is the slope of the light/current curves. As we can see, dw, /dI is inversely proportional to waveguide area such that small devices have better modulation efficiency. In addition, the effective threshold current is increased with the junction temperature, but the differential gain, a~/ N , o is reduced. It must be noted that heat generation is more rapid in small devices such that fast saturation of wn with injection current is observed in Fig. 3(b) . Fig. 5 shows the AM response of VCSEL's with core radii varying between 3.5 and 7.5 pm. The devices are biased such that the output power is equal to 1 mW. As we can see, a small device has better modulation response than large-area lasers. The corresponding SHD of VCSEL's is also shown in Fig. 6 . VCSEL with small core radius exhibits less SHD. Two resonance peaks appear and the second peak is caused by resonance in the AM response and will not occur if a constant optical modulation depth is considered [ 131. 
B. Influence of Spatial Hole Burning, Carrier Transport, and Thermal Esfects on the Static and Dynamic Behavior of VCSEL 's
The influence of spatial hole burning and carrier transport on the static and dynamic response of VCSEL's is studied. These nonlinearities are examined by changing the diffusion rate D from 5 to 10 cm2 s-l and the carrier transport time 7-12 from 10 to 20 ps for devices with core radii equal to 3.5 and 7.5 pm. Fig. 7 shows the corresponding lightkurrent curves and ROF of VCSEL's. D and 712 have relatively less influence on the static and dynamic behavior of VCSEL's. The influence of spatial hole burning and carrier transport on the AM response and SHD of VCSEL's are also shown in Figs. 8 and 9 for devices of w = 3.5 and 7.5 pm. The lasers are biased such that the output power is equal to 1 mW. The overshoot of AM response is affected by both D and 712. On the other hand, these inherent nonlinearities have less influence on the SHD of VCSEL's.
As shown in the above paragraph, the peak output power of VCSEL's is less dependent on the spatial hole burning and carrier transport. In order to improve the maximum output power and modulation efficiency of VCSEL' s, the thermal resistance of the laser cavity should be reduced to avoid excess self-heating. To verify the above statement, we analyze the influence of thermal conductivity IC on the static and dynamic behavior of VCSEL's. Fig. 10(a) shows the lightkurrent curves of devices with radii equal to 3.5 and 7.5 pm. The thermal conductivity of VCSEL's IC is varied between 0.45 and 0.55 Wcm-' C-l. D and n2 are set to 20 cm2 s1
and 10 ps, respectively. As we can see, the maximum output power is enhanced by several milliwatts. The corresponding ROF is also shown in Fig. 10(b) . It is shown that the ROF is enhanced for both devices but small-area devices have better improvement. The AM response and SHD under the influence of IC are also shown in Figs. 11 and 12 , respectively. It is assumed that the output power of devices is equal to 1 mW. As we can see, /c, has no negative effects on both AM response and SHD of VCSEL's. From our theoretical analysis given above, we can conclude that the thermal effects determined the ROF of lasers, however, the AM and SHD are less dependent on this factor. 
Iv. DISCUSSION AND CONCLUSION
The dependence of device size on the modulation response of VCSEL's can be explained by (22) and (23). In (22), ROF is directly proportional to the photon density So such that ROF is saturated with injection current. It is noted that a small laser has large thermal resistance and the ROF is saturated faster with injection current due to the temperature dependence of a N and Nt. In addition, the modulation efficiency is inversely proportional to the waveguide area as shown in (23) such that a small device (w = 3.5 pm) exhibits better modulation efficiency. For devices smaller than 3.5 pm in radius, gain saturation effects due to high optical loss should be taken into consideration in the model. The spatial hole burning has less influence on the ROF of VCSEL's and is clearly explained by (B 11) of Appendix B. This is because spatial hole burning is determined by the parameter E, but this parameter is only significant at high So. This conclusion, however, is different from [8] as the optical intensity and carrier concentration are well confined inside the air-post cavity. In (BlO), the carrier transport effects may have crucial effects on the ROF as we have discussed in Appendix B. In order to maximize the ROF, it is desired to have large magnitude of 721 but small 712 to enhance the modulation bandwidth of the VCSEL's.
In conclusion, a rate-equation model for index-guided VC-SEL's, including thermal effects, spatial hole burning, and carrier transport, has been developed. The purpose of this paper is to understand the influence of size effects on the modulation response of VCSEL's. Although this laser model is simple, it is able to explain the dependence of threshold current as well as the thermal resistance and cavity loss on the device size. It is shown that peak output power is limited by small waveguide area, however, high modulation efficiency is obtained. In addition, a small device exhibits better AM response and less harmonic distortion. We have also shown the importance of thermal effects on the modulation response of VCSEL's. It is noted that thermal effects dominate over other inherent nonlinearities on the influence of the dynamic behavior of VCSEL's. Slight increases in the thermal conductivity of the device enhances the saturated ROF by more than several gigahertz. From our analysis given above, we noted that reduction of heat generation inside the laser cavity is an alternative way to improve the dynamic behavior of small waveguide VCSEL's. The number of rate equations given in Section 11-B can be reduced by two using the quasi-static steady approximation on N , and T to simplify the derivation of ROF. This can be done by setting the time derivative of (13) to zero for the reason of (1 -D~2 7 -4~) / 1 -4~ in (13) which has a value in the order of 100 ps and is short compared to the period of practical small-signal modulation waveforms [5] . Thus, where E = u s a N r Z r~, / ( l -Dxzr;,). In addition, for devices with short cavity length and small surface area, the RthCth/K time constant is also in the order of 100 ps such that we can ignore the time derivative term in (16). Now, the corresponding rate equations are given by (BIOI where we have assumed 7-12 M ri2. As we can see from (BlO), Un is inversely proportional to T~~ provided that 1/Tn + 1/T22 > 1/7-21, and this is confirmed by Fig. 7(b) . In (BlO), the resonance frequency can be maximized by carefully designing the dimension of active quantum wells and spacer layers such that 7-12 << 1-21 and 1/T11 + 1/T22 >> 1 / r 2 1 (i.e., 7-12 < 10 ps and 7-21 > 400 ps).
If we omit the terms representing the carrier transport effects (i.e., 7-21 and 721) and the spontaneous emission rate, (B10) can be rewritten as 
